We measure the coherent scattering of light by a cloud of laser-cooled atoms with a size comparable to the wavelength of light. By interfering a laser beam tuned near an atomic resonance with the field scattered by the atoms we observe a resonance with a red-shift, a broadening, and a saturation of the extinction for increasing atom numbers. We attribute these features to enhanced light-induced dipole-dipole interactions in a cold, dense atomic ensemble that result in a failure of standard predictions such as the "cooperative Lamb shift". The description of the atomic cloud by a mean-field model based on the Lorentz-Lorenz formula that ignores scattering events where light is scattered recurrently by the same atom and by a microscopic discrete dipole model that incorporates these effects lead to progressively closer agreement with the observations, despite remaining differences.
We measure the coherent scattering of light by a cloud of laser-cooled atoms with a size comparable to the wavelength of light. By interfering a laser beam tuned near an atomic resonance with the field scattered by the atoms we observe a resonance with a red-shift, a broadening, and a saturation of the extinction for increasing atom numbers. We attribute these features to enhanced light-induced dipole-dipole interactions in a cold, dense atomic ensemble that result in a failure of standard predictions such as the "cooperative Lamb shift". The description of the atomic cloud by a mean-field model based on the Lorentz-Lorenz formula that ignores scattering events where light is scattered recurrently by the same atom and by a microscopic discrete dipole model that incorporates these effects lead to progressively closer agreement with the observations, despite remaining differences.
The understanding of light propagation in dense media relies traditionally on a continuous description of the sample characterized by macroscopic quantities such as susceptibility or refractive index [1, 2] . Their derivation from a microscopic theory is in general challenging owing to the interactions between the light-induced dipoles that can be large when the light is tuned near an atomic resonance. In dilute media, their role can be analyzed using the perturbative approach of Friedberg, Hartmann and Manassah (FHM) [3] , which predicts in particular a "cooperative Lamb-shift" measured recently in inhomogeneously broadened media [4, 5] and cold dilute atomic gases [6] . For an atom slab, the FHM approach was shown to correspond to the low-density limit of the localfield model introduced by Lorentz [7] , which replaces the action of all the atoms of the medium on a particular one by an average effective field [1, 2] , thus ignoring correlations between the light-induced dipoles. This mean-field approach leads to the Lorentz-Lorenz formula, which allows calculating the index of refraction of many dense media with an excellent accuracy [1, 8] . However it was pointed out [7, 9] that in the absence of inhomogeneous broadening, such as in cold atomic ensembles, the meanfield response may not be valid due to recurrent scattering where the field radiated by one atom can be scattered back by another atom [10, 11] . Recurrent scattering should become important when the incident light (wavelength λ = 2π/k) is tuned near an atomic resonance, and the atomic density approaches k 3 . This calls for an experiment operating in this regime, where a comparison between the standard mean-field theories of light scattering and a microscopic approach including recurrent scattering can be performed.
Here, we perform this comparison. To do so we need to access a quantity relevant to both the macroscopic and the microscopic approaches. The coherent electric field E sc scattered by the cloud fulfills this condition: it is obtained by averaging the scattered field E sc over many realizations of the spatial random distribution of atoms, and its evolution is governed by the macroscopic Maxwell's equations in the cloud considered as an homogeneous medium described by a susceptibility. In the case of cold atomic gases, the near-resonance coherent optical response has been explored experimentally using mostly dilute, optically thick ensembles [12] [13] [14] [15] [16] [17] [18] [19] . Recently, we studied the light scattered by a microscopic dense cloud of cold atoms at 90
• of a near-resonant excitation laser [20] . In that situation, we were sensitive to the incoherent component |E sc − E sc | 2 of the scattered light. We could therefore not compare our results with mean-field predictions for continuous media, which are only relevant for the coherent part.
In this work, we study the coherent scattering by our microscopic cloud. The cloud contains up to a few hundreds laser-cooled rubidium 87 atoms and has a size smaller than the wavelength of the optical D2 transition. We illuminate the sample with a tightly focused laser with a waist larger than the cloud size. We access the coherent scattering by measuring the extinction resulting from the interference of the laser field with the field scattered by the cloud. We observe a saturation of the extinction, a broadening of the line, and a small red-shift when we vary the number of atoms from 10 to 180. We show that the measured shift and width do not agree with the FHM perturbative approach. The description of the atomic cloud by a mean-field model based on the Lorentz-Lorenz formula also disagrees with our data. Finally a microscopic discrete dipole model that incorporates recurrent scattering leads to a qualitatively closer agreement with our measurements, despite remaining differences.
To study the coherent scattering by our cloud, we detect the interference in the far field between the laser field E L and the scattered field E sc . To do so, we use two identical aspherical lenses L1 and L2 with a high numerical aperture (NA=0.5) mounted in a confocal configuration in a vacuum chamber (see Fig. 1a ) [21] . L1 focuses far-offdetuned laser light onto a waist of 1.2 ± 0.1 µm (1/e 2 radius). This creates a dipole trap (depth: 1 mK) in which we load N atoms with a temperature of 120 ± 15 µK [35] . We control the number of atoms N within 10%, and vary N between 10 and 180 [36] . The atomic cloud is cigarshaped, with calculated transverse and longitudinal rootmean-square (rms) widths (a ⊥ , a z ) = (0.2, 1.2) µm. The peak densities range from n = 10 13 to 2 × 10 14 at/cm 3 . The uncertainties in the temperature, atom number and waist size lead to a systematic uncertainty on the peak density of a factor 2. The probe beam is focused down to a waist of w = 1.20 ± 0.05 µm also by L2 at the position of the cloud. It is linearly polarized and nearly resonant with the closed D2 transition of rubidium between the (5S 1/2 , F = 2) and (5P 3/2 , F = 3) levels at λ = 2πc/ω 0 = 780.2 nm (linewidth Γ = 2π × 6 MHz) [37] . We operate the probe in the low intensity limit where the atoms respond linearly to the field: I/I sat ≈ 0.04 (I sat = 1.6 mW/cm 2 ). We collect the probe light transmitted through the cloud using L1 and couple it into a single-mode fiber connected to an avalanche photodiode (APD). The temporal signals are acquired by accumulating single photons using a counting card with a resolution of 150 ps. A polarization beam-splitter is placed before the single-mode fiber and aligned at 45
• of the probe laser polarization so as to split the collected light between the fibered APD and a CCD camera (not shown in Fig. 1a) .
Our configuration is sensitive to the mode-matching E(ω) = {E(r, ω) · g * (r)} dS between the total field E = E L + E sc and the mode g of the single-mode-fibered detector (dS is a differential area element perpendicular to the optical axis) [22] . In the absence of atoms the fiber mode is matched to the incoming light, i.e. g ∝ E L . In our experiment, we measure |E(ω)| 2 , where · means an average over many realizations of the cloud. After averaging, the signal is the sum of two parts [23]: (i) |E coh (ω)| 2 due to E L + E sc , and (ii) |E incoh (ω)| 2 due to the fluctuating field E sc − E sc . In the direction of propagation of the laser |E coh (ω)| 2 |E incoh (ω)| 2 (see below and in Fig. 1a ) and we are therefore mainly sensitive to the coherent optical response, which we characterize by a transfer function S(ω) = E(ω) /E L (ω) obtained by comparing the detected fields with and without atoms.
To measure S(ω) in steady-state, we proceed in the following way: after preparing the atoms in the (5S 1/2 , F = 2) level, we switch off the dipole trap light during 500 ns and send a 300 ns probe pulse with a temporal top hat profile (rise time of 2 ns). We then recapture the cloud in the trap for 500 ns and repeat this release-proberecapture 1000 times using the same atomic cloud [38] . This procedure is typically repeated with 200 different atomic clouds. A typical signal is shown in Fig. 1b . It reaches a steady-state after a transient time of ∼ 26 ns, close to the lifetime 1/Γ of the excited state, during which the atomic medium gets polarized. We average the signal over a time interval of 120 ns (grey area) and normalize it with respect to the case without atoms to obtain the transmission in steady state for a given probe frequency. We checked that the scattered light has the same polarization as the probe light by rotating the polarizer P and observing a signal with a contrast of 95%, the same as in the absence of atoms. This feature is characteristic of the coherent scattered field, and therefore confirms experimentally that
Finally, the sequence is repeated for various probe detunings ∆ = ω − ω 0 and atom numbers N . We obtain the spectra shown in Fig. 2a .
The derivation of a functional form for S(ω) is very hard in our dense cloud regime. However in the case of a cloud with a size smaller than 1/k so that it behaves as a small dielectric sphere with a polarizability α c (ω) we get, following [22] , S(ω) ≈ 1 + ikα c (ω)/(πw 2 ), which we cast in the form:
assuming that the polarizability is resonant around a frequency ω c with a width Γ c . We fit the spectra shown in Fig our elongated sample. Figure 3 shows the results of the fits. For increasing atom numbers, we observe a saturation of the amplitude A, and therefore of the extinction, an increasing small red-shift and a broadening of the line. These behaviors can be understood qualitatively as a consequence of the dipole-dipole interactions between atoms, on the order of Γn/k 3 (see below).
We now compare our results to various models of the optical response of the cloud. In Refs. [3, 24] , Friedberg, Hartmann and Manassah used perturbation theory to derive the expressions for a collective decay rate and a collective shift for various geometries of an atomic ensemble of two-level atoms. There, the collective shift and rate are the real and imaginary parts of the average dipole-dipole interaction [25] . This theory predicts the "cooperative Lamb-shift" measured in a hot atomic vapor [5] and in a dilute, optically thick cold atomic sample [6] . For the case of an ellipsoidal cloud with Gaussian density distribution, the predictions (see formulae (5.2) and (5.3) of Ref. [24] ) are plotted in Fig. 3b ,c for our experimental parameters. Here, we included the rubidium internal structure by multiplying the prediction of Ref. [24] by the Number of atoms ratio of multiplicities 7/15 of the F g = 2 − F e = 3 transition [26, 27] , assuming equal populations in all hyperfine Zeeman ground states and a negligible magnetic field (as is the case in the experiment) [23] . The predictions differ significantly from the measured values, indicating that this perturbative approach does not apply for our dense, cold atomic systems.
To go beyond the FHM perturbative treatment, we now calculate the optical response as predicted by the Lorentz local field theory for our dense cigar-shaped cloud. For this purpose, we replace the cloud by a Gaussian continuous density distribution n(r) (with rms widths a ⊥ and a z ) and calculate the local susceptibility using the Lorentz-Lorenz formula χ(r, ω)
Here
is the polarizability of a single atom, which includes the internal atomic structure of rubidium as described above, see [23] . We then define a local permittivity (r) = 1 + χ(r) and use a finite element program to calculate the electric field scattered in the far field by the cloud illuminated by the Gaussian laser beam. We finally compute the transfer function S(ω) taking for the Gaussian field the usual paraxial expression [23] . The results are shown in Fig. 2b . The mean-field response of the cloud predicted by the Lorentz-Lorenz formula deviates from the data as the number of atoms increases, featuring in particular a dou-ble structure for the largest atom numbers [39] , as well as a large asymmetry (also observed in the spectrum of transmitted light of an atomic slab described by the Lorentz-Lorenz formula [7] ).
We finally calculate the coherent response of the cloud using a microscopic model where the atoms are considered as point-like dipoles d j randomly positioned according to the Gaussian spatial distribution, each being driven by the laser field and the fields scattered by all the other ones [11, 28] . This approach leads to a set of coupled dipole equations. As in Ref. [20] , we include the internal structure of the atoms by randomly assigning them a given Zeeman state m j of the (5S 1/2 , F = 2) manifold and we write d j = D σê σ C
3 is the dipole-dipole interaction, p αβ and q αβ are angular functions [20] , and Ω jα the Rabi frequency. We calculate the field scattered by the cloud (yielding the radiation pattern shown in Fig. 1a) . We then compute the interference of this field with the laser field, at the position of the lens L1, and the transfer function for this particular configuration of the atomic ensemble and average over many spatial configurations.
The results of the microscopic model are plotted in Fig. 2b for various detunings and atom numbers, together with the prediction of the Lorentz local field model. We observe that both models are in agreement for low values of N , and predict approximately Lorentzian lineshapes. For large atom numbers, however, they differ quantitatively, pointing towards the role of recurrent scattering, included in the microscopic model, to all orders, but not in the Lorentz model [9-11, 29, 30] . To the lowest order in density, for a cloud (density n) of identical atoms with polarizability α, the contribution of recurrent scattering to the susceptibility is proportional to the number of atom pairs (nα) 2 inside the scattering volume α. It becomes important when nα ∼ 1. The onset of lightinduced correlations and the effect of recurrent scattering as a function of the detuning and atom density was analyzed in more detail in [7, 10, 11, 31, 32] . In the presence of recurrent scattering and when n/k 3 1, the susceptibility takes the form:
where β(ω) is the contribution from recurrent scattering.
Using formula (22) of [10] , we get β(ω) ∝ Bα(ω)k 3 , with B a volume integral challenging to calculate for our geometry. The lowest order contribution to β is independent of the density. If B ∼ 1, the local field correction nα/3 is thus on the same order as the recurrent scattering contribution close to resonance (α = 6πi/k 3 ), while away from resonance (αk 3 1) the influence of recurrent scattering is negligible. Remarkably, when inhomogeneous broadening is introduced (such as the Doppler effect in hot vapor cells [5] ), the resonant frequencies of the dipoles j are spread over ∆ω D and β is replaced by the average over j, α j k 3 , and is therefore reduced by a factor Γ/∆ω D [9] . This explains why for any medium where inhomogeneous broadening is dominant the Lorentz-Lorenz model is successful, as Γ/∆ω D 1 and thus β 1. On the contrary, in the absence of inhomogeneous broadening, the Lorentz-Lorenz formula is usually not valid at resonance. In [33] , we use the microscopic approach to calculate the effective dielectric constant of our cloud, but in the regime n/k 3 ≥ 1, and found that it does not follow the Lorentz-Lorenz formula, as expected.
Finally, we compare our measurements to the microscopic model (see Fig. 2a ). We observe that the data are closer to this model than to the Lorentz model, as they do not show the double structure predicted by the Lorentz model for the largest atom numbers. This indicates that the Lorentz model is not valid in our configuration. However the measurements exhibit systematically less pronounced features for the shift, width and amplitude than predicted by the microscopic model. On the experimental side, we have ruled out possible biases, such as the probe beam alignment [23] and the possible cumulative heating of the cloud due to the pulsed illumination that could result in a modification of the cloud volume. On the theoretical side, the models ignore quantum fluctuations between hyperfine ground states and assume the low light intensity limit, which may in practice be difficult to fully realize in the experiments due to secondary radiation by closely-spaced atoms.
As a conclusion, we have measured the coherent scattering by a dense, cold atomic cloud. We have observed a failure of standard models, such as the FHM model or the mean-field Lorentz model. The remaining difference with the microscopic model shows that a quantitative understanding of the light-induced interactions even in a relatively simple situation is still a challenge.
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I. COHERENT TRANSFER FUNCTION
The experimental configuration used in the experiment gives access to the overlap between the total field in the forward direction E = E L + E sc and the mode g of the single-mode-fibered detector
with dS a differential area element perpendicular to the optical axis. As the fiber mode is matched to the incoming light, g ∝ E L , and the total transfer function is
We then decompose the scattered field into the coherent and incoherent (fluctuating) components: E sc = E sc + δE sc , where · indicates an average over many spatial configurations of the cloud. In the experiment, we measure the configuration-averaged quantity
(taking into account δE sc = 0), which we cast in the form
2 in the direction of propagation of the laser, and therefore, we measure essentially the coherent part to the total transfer function. We thus define the coherent optical transfer function:
In general, the transfer function defined above does not correspond to the transmission of the cloud defined as
If the solid angle of the collecting lens L1 is very small, T (ω) and |S tot (ω)| 2 coincide. Otherwise, the relation between the transfer function and the transmission can be found by decomposing, once again, the total field as E = E L + E sc + δE sc . We then get
Using the Cauchy-Schwartz inequality
II. DESCRIPTION OF THE PROBE LASER FIELD
In the theoretical models (Lorentz local-field and microscopic), we use the following paraxial approximation for the amplitude of the x component of the electric probe laser field (with a waist w, see Fig. 1a in main text):
As is well-known, this paraxial expression is not an exact solution of Maxwell's equation. We have therefore checked, for the calculation of the transfer function based on the Lorentz-Lorenz formula, that the field scattered by the cloud using the paraxial approximation is numerically very close to the one obtained by using the plane wave decomposition of the incident beam (which corresponds to an exact solution of Maxwell's equations).
III. DERIVATION OF THE MEAN-FIELD SUSCEPTIBILITY FOR A MULTI-LEVEL ATOM
In this section we derive the mean-field electric susceptibility for a multi-level atom, when the recurrent scattering contributions are ignored. This is then used in the main section of the paper to calculate the mean-field response and the "cooperative Lamb shift" for a 87 Rb F = 2 ground-state manifold that differ from the ones obtained for an isotropic F = 0 → F = 1 transition.
We use the general formalism of Ref.
[1] and derive the multi-level electric susceptibility as in Ref. [2] . We consider an atom with ground states |g, ν and excited states |e, η . Here ν and η represent the Zeeman sub-levels of the ground and excited states, respectively, separated by a transition at a frequency ω 0 .
The positive frequency component of the electric field amplitude is the sum of the incident coherent field D + F (r) and the scattered field from the atomic polarization P + (r),
The monochromatic dipole radiation kernel G(r) [3] gives the radiated field at r from a dipole with the amplitudê d residing at the origin:
where k = ω/c, ω denotes the laser light frequency, and n = r/r. Using the second quantized atomic field operatorŝ ψ gν (r) andψ eη (r), the positive frequency component of the atomic polarization density can be written in terms of contributions from different sub-level transitions aŝ
where d gνeη represents the dipole matrix element for the transition |e, η → |g, ν
Here the sum is over the unit circular polarization vectors σ = ±1, 0, and C 
and d eηgν = d * gνeη . The light fields with the polarizationŝ e ± andê 0 drive the transitions |g, ν → |e, ν ± 1 and |g, ν → |e, ν , respectively, in such a way that only the terms σ = η − ν in Eq. (12) are nonvanishing.
As described in Refs. [1, 2] , in the limit of low light intensity we obtain the equation of motion for the expectation value of the polarization component P + νη (r) = P + νη (r) ,
where we assumed that there are no ground-state coherences between the different hyperfine states, so that ψ † gνψgτ = δ ν,τ ρ ν , with ρ ν the atom denisty of the ground state |g, ν .
We have defined ξ = D 2 /( 0 ) and ∆ aνbη = ∆ bη − ∆ aν (a, b = g, e). In the presence of a magnetic field B, the atom-light detuning is ∆ eη = ω − (ω 0 + µ B Bg (14) we also introduced the tensor
The pair correlation function ψ † gν (r)P + (r )ψ gτ (r) describes light-induced correlations between the atoms at r and r [1] . These correlations are non-trivial in the presence of recurrent scattering processes. In the mean-field theory we neglect recurrent scattering by the decorrelation approximation ψ † gν (r)P + (r )ψ gτ (r) ρ ν (r)P + (r ) in Eq. (14) .
We are interested in the steady-state solution of the resulting approximation to Eq. (14) . In the interaction potential between the two atoms in Eq. (14), we can now remove the contact term G(r) → G(r) + δ(r)/3, and then eliminate the scattered field between Eqs. (14) and (8) (this procedure can be derived rigorously [4] ). We obtain
where the polarizability is given by
Equation (16) now leads to a coupled set of linear equations between the different polarization components [2] that can be solved
where σ = η − ν. The sum in the denominator therefore includes the components for which C (σ ) τ,ζ = 0, i.e., the components for which P τ ζ is parallel to P νη .
We can then separate the different vector components of the total polarization P = ν,η P νη by considering each value of the spherical polarization component σ separatelŷ
This now gives the electric susceptibility for σ = ±1, 0.
To describe the experiment (for which the magnetic field is B ≈ 0 G), we consider a linearly polarized laser beam driving π transitions (σ = 0). We also assume all the Zeeman states of the ground level F = 2 equally populated, implying ρ ν = ρ total /5. In this way, the only effect of the internal structure of the atom is to multiply the polarizability given by Eq. (17) (with
2 /5 = 7/15, as written in the main text.
IV. INFLUENCE OF A MISALIGNMENT OF THE PROBE WITH RESPECT TO THE CLOUD
In this last section, we analyze the influence of a misalignement of the probe with respect to the atomic cloud. The dimensions of the cloud are (a ⊥ , a z ) = (0.2, 1.2) µm, to be compared to the probe beam waist w = 1.20 ± 0.05 µm. These very small numbers indicate that the perfect alignment of the probe with respect to the cloud is challenging. As demonstrated in [5] , a longitudinal displacement of the probe focal point with respect to the center of the cloud leads to asymmetric atomic line shapes in transmission. Reference [5] interprets this asymmetry as a lensing effect induced by the cloud.
We have modeled the effect of a misalignment of the probe using the coupled dipole equations. We calculate the transfer function as described in the main text for different transverse and longitudinal positions of the cloud with respect to the probe beam. Figure 1a presents the results for a longitudinal displacement of the cloud along the direction of propagation of the probe beam for N = 20 atoms. We observe a strong asymmetry of the line shape when the cloud is displaced by ±z R with respect to the position of the beam waist. This asymmetry can be understood as an effect of the Gouy phase of the probe laser (see below).
Finally, we displace transversally the atomic cloud in the focal plane of the laser beam, perpendicular to the optical axis. The results are shown in Fig. 1b . The main effect of the displacement is to reduce the amplitude of the line, without inducing any frequency shift or any change in the linewidth. We have tested that this conclusion remains valid for all atom numbers investigated in this work. In particular, the transverse displacement does not induce any extra asymmetry in the line shape with respect to the case of an unshifted position of the cloud. Both effects can be understood using the following simplified model. Let us consider the case of a dielectric cloud with a size smaller than 1/k (k is the wave-vector of the light) with a polarizability α(ω) (with a width Γ c and a central frequency ω c ), located at a position (x 0 , y 0 , z 0 ) around the focal point of the probe beam at position (0, 0, 0). At a distance z |x 0 |, |y 0 |, |z 0 | in the far-field, the component of the electric field along the x-axis scattered by the cloud in the direction of the propagation of the probe (z axis) is [3] : (7), we get the total field in the di-rection of propagation of the probe:
.
Along the axis, the transfer function is:
which can be cast in the form of an on-axis transfer function:
with A a real number This expression shows that for a cloud located at (x 0 , y 0 , 0) (transverse displacement), the amplitude of the extinction is attenuated by the ratio |E L (x 0 , y 0 , z 0 )|/|E L (0)|, as observed in Fig. 1(b) . When the cloud is centered in (0, 0, z 0 ) (with z 0 small but not negligible with respect to z R ), the phase factor e iψ(z0) involving the Gouy phase leads to an asymmetric function of ω: this explains the asymmetry observed in Fig. 1a . From the very slight asymmetry observed on the data (see Fig. 1a of the main text), we infer the phase ψ(z 0 ) by fitting the data by the expression |S axis (ω)| 2 (Eq. 23). We find ψ(z 0 ) ≈ 0.3 rad and extract a longitudinal displacement of the cloud z 0 ≈ 1.8 µm. Importantly, we find that this phase is independent of the atom number, as it should if it is a geometric phase. A lensing effect would lead to an asymmetry that would vary with the number of atoms.
We conclude from this study that a misalignment of the probe cannot introduce any narrowing of the line or any extra shift, nor wash out any double structure. The misalignment thus cannot explain the discrepancy between the theoretical models and the data, which systematically feature a smaller shift and linewidth and no significant asymmetry.
